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ABSTRACT 
When min{m, n} = k + 1, the exact value of l(k, m, n), the maximum dimension 
of all possible linear spaces of rank k matrices of order m × n, is known. The 
situation when min l(k, m, n) >~ k + 2 is not clear. Partial results are obtained for 
l(k, k + 2, k + 2) in this paper. 
The maximum dimension l(k, n, m) of a linear space H ___ S'~(C ", C m) 
each of whose nonzero members have rank k has been determined when 
rain{m, n} is k + 1. By using Chern classes, an upper bound is obtained, and 
with examples these upper bounds are confirmed as best possible. The results 
are contained in [6], [7], and [8]. The situation when min{m, n} = k + 2 is 
not as pleasant. The upper bound using the Chern classes is no longer 
necessarily the best possible. 
In this paper we begin the second phase of determining l(k, n, m) by 
considering l (k, k + 2, k + 2). The general theory in [7] shows that the value 
of l(k, k + 2, k + 2) = l is one of 3, 4, or 5. The following is a summary of 
the results obtained. 
THEOREM. Let l = l(k, k + 2, k + 2). Then 
k = l (mod3)=* l=3;  (1) 
LINEAR ALGEBRA AND ITS APPLICATIONS 235:163-169 (1996) 
© Elsevier Science Inc., 1996 0024-3795/96/$15.00 
655 Avenue of the Americas, New York, NY 10010 SSDI 0024-3795(94)00134-Y 
164 R. WESTWICK 
k = 0(mod3) ~l~>4 
and we have equality when k ~ 0 (mod4); 
k = 2 (mod3) does not determine l,
since l (2,4,4) = 3 and l(8, 10, 10) = 4. 
(9.) 
(3) 
No examples have been found for which l = 5. 
All examples of an H of dimension 4 apart from the case k = 8 come 
from the 4-dimensional (k, k + 1, k + 2)-spaces. Since I(8, 9, 10) = 3, the 
4-dimensional (8, 10, 10)-space given is new. 
For l(k, k + 2, k + 2) = 5 we must have k >/32. 
In what follows the base space for the bundles is the complex projective 
space on H. The trivial line bundle is denoted by ~, and the tautological line 
bundle by/x. The bundle map determined by H referred to below is found in 
[5]. 
Proof. The bundle map 
9 : /z  ® ~k+2 -o ~k+2 
determined by H produces three elements 
x : [Ker ~p], 
y --- [Rng ~],  
z = [e k+e/Rng ~p] 
in the A-ring K, where K is the ring determined by the equivalence classes 
of vector bundles over P(H).  See [2] for details. It is well known that K is 
isomorphic to Z[t]/(t  - 1) l, and the isomorphism is induced by s ~ t, 
where s = [ ~] is the equivalence class of the tautological line bundle. See [1, 
p. 84]. These satisfy 
x + y = (k + 2)s, 
y+z=(k+2). 
Both x and z are equivalence classes of 2-bundles. We let ct:K--* 
Z[t]/t  z be the Chern class homomorphism from the additive group of K to 
the multiplicative group of units in Z[t]/t  l. Then x and z have images 
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1 + a l t  + a2t  2 and  1 + c l t  + c2t  z respectively, where a 1, a z, c 1, c 2 are 
integers. We apply the Chern character ring homomorphism ch : K ~ Q[ t ] / t  z 
on both sides of  the equation (k + 2)(s - 1) = x - z to get 
k + 2 = a 1 - -  C 1 
=a~- -C l  ~-2(a  2 -cz )  
= a~ 3 -- Cl 3 -- 3 (a la  2 -- CLC2) 
=a 4-c l  4 -4 (a l  2a 2 -c l  2c a) + 2(aez - -cz  2). 
These are obtained from the Hirzebruch polynomials, indicated in [2, pp. 
18-191. 
le t  
~ a 1 - -  C1 ,  
/3  = a 1 + c 1 , 
3 '  = a 2 - -  C2 ,  
= a 2 + C a . 
Then 
k+2=4 
= 4/3 - 23, 
4 e + 3/3 2 







If  1 ~> 4, then (4), (5) and (6) must have integer solutions. These imply 
23" = a ( /3 -  1), (7) 
66= 42 + 3 /3 -4 .  (8) 
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From (8) we have no integer solution if a = 0 (rood 3). Therefore 
k+2=0(mod3)~l~<3,  andsince l(k, k +2,  k + 2) l> 3 for all k, we 
have proved (1). 
When (k + 2) ~ 0 (rood 3), there are integer solutions, and so no more is 
available here. 
I f  l >~ 5, then in addition to (4), (5), and (6) we have 
k + 2 -- _~_~ (~2 + ~2) _ (~2 + ~2)3, _ 2 , ,~r  + 2y~. (9) 
These now imply 
,~e(e - /3 )  = 2 - 
and because cr = k + 2 ~ 0, we have 
t3=2. 
Then a=23 '  and 38=23,  2 + 1. Since k = ~-2 ,  it follows that k = i 
(mod 2) implies 1 ~< 4. Since 8 is odd and 8 + 3, = 2a z is even, we must 
have 3, odd also. Then k is divisible by 4. Therefore 
k ~0(mod4)  ~1~< 4, 
and (2) follows. 
In order that l ~> 5 we must have m such that 
k = 4m, 
,~ = 2(2m + 1), 
/3=2,  
3 '=2m+ 1, 
3(5= Sm z + 8m + 3. 
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Then  
al = 2(m+ 1), 
(m + 1)(4m + 3) 
a2 ~ 3 
C 1 = -2m,  
m(4m + 1) 
C 2 - -  
3 
For  a 2 and c 2 to be integers we need  m(m+ 1)=0 (mod 3). When 
m = 3n we have 
a 1 =2(3n  + 1), 
a 2 = (3n  + 1) (4n  + 1), 
C 1 ~ - -6~,  
c z = n(12n  + 1), 
and when m = 3n - 1 we have 
a 1 = 6n ,  
a 2 = n(12n - 1), 
c 1 = -6n  + 2, 
c 2 = (3n  - 1 ) (4n  - 1). 
We apply the Schwartzenberger  condit ions (see [5, p. 113] or [3, p. 166]). 
When m = 3n, we have k = 12n and then the s~-condit ion implies 
n(Vn + 1) = 0 ( rood12) .  
When m = 3n - 1, k = 12n - 4. Then  we have 
n(5n + 1) = 0 ( rood12) .  
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In the first case 
and in the second case 
n = 0 ,5 ,8 ,9  (mod 12). 
n = 0, 3, 4, 7 (mod 12). 
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The first value of k for which l = 5 is possible is n = 3, so that k = 32. 
Finally, we must deal with the two special cases k = 2 and k = 8. The 
matrix 
0 0 0 0 0 0 0 A B 0 
0 0 0 0 0 0 A B 0 C 
0 0 0 0 0 -A  B 0 C D 
0 0 0 0 A B 0 C D 0 
0 0 0 -A  0 0 C -D  0 0 
0 0 A -B  0 0 D 0 0 0 
0 -A  -B  0 -C  -D  0 0 0 0 
-A  -B  0 -C  D 0 0 0 0 0 
-B  0 -C  -D  0 0 0 0 0 0 
0 -C  -D  0 0 0 0 0 0 0 
is skew symmetric, has zero determinant and is of rank >i 8 when any of A, 
B, C, or D is nonzero. It therefore represents a 4-dimensional (8, 10, 
10)-space. 
When k = 2, in the notation of Sylvester, there is an ~? satisfying (1), (2), 
and (3) (see [6, p. 2]), namely 77 = i - 2a  + 2~ 2 (mod a4). Here we have 
~1-1 = 1 + 2a  + 2a  z (mod c~4) and (1 + a)57 = 1 + 2a  (mod a4). How- 
ever, there does not exist a 4-dimensional (2, 4, 4)-space. This follows easily 
from Theorem 3A of [4], which states that such a space is either 2-decom- 
posable or equivalent to a space of 3 x 3 matrices. In both cases the maximal 
dimension of the space is three. • 
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